Dark energy stars are finite size astrophysical objects with an interior equation of state typical of dark energy. Examples are self-gravitating false vacuum bubbles, vacuum non-singular black holes, and gravastars. We present a time-dependent solution of Einstein's field equations that describes the collapse of a spherical system from an initial state of positive pressure to a final state with a dark energy core. Our solution has no singularities, no event horizons, and does not violate the weak or null energy conditions.
I. INTRODUCTION
There are various studies of compact astrophysical objects in the interior of which the energy density ρ and the pressure p obey an equation of state typical of dark energy such as p = −ρ. Such objects have been variously named in the literature. We refer to them as 'dark energy stars' for simplicity.
Although dark energy stars could have spacetime singularities, one is commonly interested in dark energy stars that are nonsingular. Buchdahl's theorem [1] precludes the existence of nonsingular compact objects with radius smaller than 9/8 the Schwarzschild radius under the assumptions of spherical symmetry, isotropic stress, and nonnegative trace of the energy momentum tensor. Compact nonsingular dark energy stars are possible because the nonnegative trace condition does not apply for p < −ρ/3 dark energy (compact objects supported by anisotropy instead have also been studied [2] ).
In the mid 1960s the idea of objects with p = −ρ at their center was put forward by Gliner [3] . The first concrete solution was the Bardeen spacetime [4] [5] [6] [7] , which is a nonsingular, asymptotically flat, spherically symmetric spacetime that may have zero, one, or two event horizons depending on the value of a parameter. The Bardeen stress energy tensor features radial pressure p r = −ρ everywhere and tangential pressure p T = p r away from the center.
In the 1980s the gravitational effects of false vacuum bubbles forming in true vacuum, and vice versa, were considered [8] . False-vacuum bubbles were studied as a possibility for wormholes [9] and localized inflation [10, 11] , when it was found that the null energy condition imposes that any spherically symmetric false-vacuum bubble that forms in an asymptotically flat space and grows beyond a certain critical size must have emerged from an initial singularity [11] . Smaller false vacuum bubbles may arise without initial singularities [12] . There were also attempts to replace the black hole singularity inside the horizon with a Planckian density vacuum bubble and a junction layer [13] [14] [15] .
Starting in the 1990s, compact objects with p = −ρ at their center, called vacuum nonsingular black holes, or lambda black holes [16] [17] [18] [19] , were studied within the class of 'regular black-hole' solutions, i.e., asymptotically flat spacetimes that like black holes possess an event horizon but unlike black holes do not have a singularity (see, e.g., [20] for a review). Lambda black holes, and similar horizonless objects known as G lumps [21, 22] , are similar to the Bardeen spacetime in that they have p r = −ρ everywhere but anisotropic pressure p T = p r . This allows interpolation between a de Sitter core and a Schwarzschild exterior without junction layers. Interpolations between de Sitter cores and Reissner-Nordstrom exteriors for charged black holes have also been considered [23] . Compact objects with equations of state p = wρ where w = −1 were studied in [24] (w < −1/3) and [25] (w < −1).
In the 2000s, the idea of a finite-volume p = −ρ region was revisited as a method of building a gravitationally stable compact object that does not have singularities or event horizons. The objects described by Chapline et al. [26] contain a p = −ρ dark energy core and have a microscopic quantum critical layer in place of an event horizon. These objects are described with the term "dark energy star" in [27] (our usage of the term is more general). The stiff shell gravastar proposed by Mazur and Mottola [28, 29] features a surface layer made of positive pressure stiff matter joined to the dark energy core and exterior vacuum by junction layers. A simplified version of this shell model with an infinitesimal shell was introduced by Visser and Wiltshire [30] . Whether a gravastar of the Visser-Wiltshire type with particular surface and interior conditions would collapse, explode, stabilize, or oscillate has been studied in [31, 32] . Anisotropic gravastars with continuous pressure were examined by Cattoen, Faber and Visser [33] as a means of eliminating the junction layers. Various kinds of gravastars were found to be stable under small perturbations (e.g., [30, [34] [35] [36] ), compatible with charge [37, 38] , and exterior cosmological constant [39] . Rotation and angular momentum of gravastars may lead to instability for some rapidly spinning configurations [40] , but other spinning configurations are stable [41] . In 2015 Mazur and Mottola examined the Schwarzschild interior solution below the Buchdahl bound and found that in the R → R S limit it behaved as a thin shell gravastar [42] . This R → R S Schwarzschild interior gravastar behaves almost exactly as an extended source for the Kerr metric when slow rotation is added [43] . Since gravastars need not have an event horizon, they could in principle be distinguished from black holes [34] . Gravitational lensing through gravastars has been studied [44] . There have even been attempts to interpret LIGO data as horizonless compact objects [45, 46] .
In this paper, we show that there are time-dependent solutions of Einstein's equations that start with nonnegative pressure p ≥ 0 everywhere, end in a dark energy star with p = −ρ in a finite central core, have no singularities or junction layers, and do not violate the weak or null energy conditions at any time. We denote the medium composing the system as "matter" rather than "fluid" because it involves anisotropic stress.
II. TIME VARYING SPHERICALLY SYMMETRIC SYSTEMS
We write Einstein's field equations for a general time-dependent spherically symmetric system in the form of a force equation and a continuity equation. Spherical symmetry allows the metric to be written in terms of two functions Φ(t, r) and m(t, r) of the time and radial coordinates t and r,
The corresponding stress-energy tensor T µν (t, r) may be simplified with tetrads to a local Lorentz frame, 
Here the Tμν are components of the stress-energy tensor in an inertial frame at rest in the t, r, θ, φ coordinate system. More specifically, ρ = Ttt is the energy density, p r = Trr and p T = Tθθ = Tφφ are the radial and transverse stresses, and S r = −Trt = −Ttr is the r-component of the momentum density, with positive S r corresponding to outward flow. We define our system in terms of the matter functions ρ(t, r), p r (t, r), ∆(t, r) = p T (t, r) − p r (t, r), and S r (t, r), since they are more closely related to the weak energy condition. The function ∆(t, r) embodies a possible anisotropic stress. Although p r and p T should properly be referred to as radial and tangential stress, we follow the existing literature and call them radial and tangential pressure.
Einstein's equations become
Here we have introduced a new time variable τ defined so that
Eq. (6) and Eq. (4) can be rearranged into a continuity equation for the energy density ρ and energy flux S r ,
Eq. (7) resembles Newton's second law for the force density, where we can identify the terms on the left as pressure gradient force, gravitational force, and anisotropy force, respectively, while the term on the right hand side embodies the rate of change of momentum. Notice that the anisotropy force 2∆/r is a nonrelativistic force [2, 33] coming from the spatial divergence of an anisotropic stress tensor.
Eq. (4) and Eq. (5) are easily solved for m(t, r) and Φ(t, r) with boundary conditions m(t, r) = 0 at r = 0 and Φ(t, r) = 0 at r → ∞, for any t,
We can also rearrange Eq. (6) and Eq. (7) to solve for S r and ∆
Notice that if one would impose static anisotropic conditions, from Eq. (7) the gradient of the pressure would have to satisfy dp r dr
which is the Tolman-Oppenheimer-Volkoff equation with an extra term due to the anisotropy. We conclude this Section by mentioning that Birkhoff's form of his theorem [47] states that if a spherically symmetric system is surrounded by empty space, i.e., T µν = 0 beyond a certain radius R, its total mass M is constant. This can be seen from our work as follows. The total mass M = m(t, R) where we take the limit r → R with r > R. The condition T µν = 0 at r = R requires S r (t, R) = 0, and from Eq. (12), ∂m(t, R)/∂t = 0, which is dM/dt = 0.
III. ENERGY CONDITIONS
We specify the null and weak energy conditions here for the somewhat unusual stress-energy tensor in Eq. (2) (information on energy conditions can be found in [48] ).
The weak energy condition (WEC) is T µν k µ k ν ≥ 0 for all time-like (and in the limiting case light like) vectors
is the energy density measured by an observer with four velocity k µ / √ −k 2 . The components of k µ in a local Lorentz frame can be parameterized as
with 0 ≤ β ≤ 1, 0 ≤ α ≤ π, and 0 ≤ φ < 2π. Then the weak energy condition becomes
for all α and for 0 ≤ β ≤ 1. Depending on the parameters ρ, p r , p T , S r , the minimum must either be on the boundary of the region 0 ≤ β ≤ 1, −1 ≤ cos α ≤ 1 or be a local minimum inside the region. The weak energy condition amounts to the following inequalities:
One compact way of writing these inequalities is
Setting S r = 0 one recovers the well known static case
The weak energy condition implies the null energy condition. For completeness, we recall that the strong energy condition (SEC) is (
IV. PILEUP MODELS
We now introduce a class of models for the formation of dark energy stars that describe the collapse of a system from an initial state of positive pressure to a final state with dark energy core in which p = −ρ. We call this class of models pileup models because we build the dark energy core progressively by "piling up" matter onto its surface. This is to satisfy the WEC (18) . In the dark energy core where p r = p T = −ρ, Eq. (18) implies that S r must be 0 to avoid violating the weak energy condition. As a consequence the mass within any sphere with p = −ρ must be constant in t, and since the sphere radius is arbitrary, the density must be constant in t as well. In pileup models the energy density at the center increases until it plateaus at the density of the dark energy core. At this moment or later, the dark energy core forms when the pressure equals minus the energy density. We call an object where the density at the center has not yet reached the maximum value a precursor, and an object with p = −ρ at the center a dark energy star. We call an intermediate stage, if present, the transition.
Spatially, the precursor is a "normal" object with positive pressure and pressure gradient force pointing outwards opposing the force of gravity. The dark energy star has three zones: an innermost dark energy core where the density and pressure are constant in both space and time, an outermost normal zone where the pressure gradient force points outwards, and an intermediate region we call the inversion zone where the pressure gradient force points inwards. The inversion zone is necessary for the radial pressure to be a continuous function of radius while being negative in the dark energy core and positive in the normal zone.
In this paper we specify the time and radial dependence in ρ and p r in a way that avoids singularites and event horizons and does not violate the weak (and therefore null) energy condition. Then we derive S r from Eq. (12), and ∆, and hence p T , from Eq. (13) . We use these derived functions to check the validity of the energy conditions Eq. (17) (18) (19) . The metric functions m and Φ follow from Eqs. (10) and (11) . The contributions to Φ from the dark energy core and exterior Schwarzschild vacuum are closed form, but the contribution from the inversion and normal zones in general needs to be evaluated numerically.
A. Example of pileup model
Here we present a parametrization of ρ and p r for the formation of a dark energy star with total mass M . As an aid in avoiding event horizons and singularities while maintaining the WEC we introduce an evolution parameter f that increases monotonically during the collapse. In subsection B we relate f to the time t. At f = 0 the density at the center reaches the value of the density in the dark energy core, and at f = f D the dark energy core is formed.
The density function ρ(t, r) has a great deal of freedom when using this framework but there are still some restrictions. To make the radius R(t) of a dark energy star similar to that of a black hole, we set the density in the core as the Schwarzschild density ρ S = 3M/(4πR 3 S ), where R S = 2GM is the Schwarzschild radius. Birkhoff's theorem requires
where M is a constant. For simplicity we use straight lines in the parametrization of ρ. In the precursor stage we set
where x = r/R S . The parameter s gives the star radius through R = sR S . For the transition stage and dark energy star stage, we set ρ(transition and dark energy star,
For positive f the radius of the constant density plateau is R p = f R S . Demanding that M be constant at all times requires the following relationship between f and s.
The only real solution besides the trivial s = f is
When f = 1, we have s = 1, the radius of the object equals the Schwarzschild radius, and an event horizon at r = R S appears in the exterior Schwarzschild metric. For the radial pressure function p r (t, r) we require: (i) continuity at the surface p r (r ≥ R) = 0, (ii) p r = −ρ within the core, (iii) p r ≥ −ρ everywhere not to violate the WEC, (iv) p r ≥ 0 in the precursor stage, and finally (v) p r to be a continuously differentiable function in r to avoid singularities and for greater regularity in p T .
We set
Here Ψ(ξ) is the following function that smoothly interpolates between 1 and 0
The parameter a is the ratio of the radial pressure to the density at the outer edge of the inversion zone. For a we choose a = 0.315 such that the maximum value of p r = ρ/3, which is the value for radiation. For the parameter f D we use f D = 0.25. In this example the inversion zone and dark energy core are within the constant density plateau. This is necessary for the dark energy core, but the inversion zone can in principle extend outside the plateau. 
B. End states and choice of f (t)
A configuration that has reached a value f = f ∞ and is no longer changing in t we denote as an "end state". By the chain rule ∂m/∂t = (∂m/∂f )(∂f /∂t) and Eq. (12), end states have S r = 0. The threshold for event horizon formation is f = s = 1. We may prevent event horizons by specifying f ∞ < 1. Still, the WEC may be violated at a particular f ∞ < 1 due to a large negative tangential pressure p T arising from the ∂p r /∂r term of Eq. (13) becoming large and negative as f and s approach 1. We may prevent such a violation of the WEC either by choosing a suitable radial profile for p r (such that a large positive gravity term in Eq. (13) cancels the large negative pressure gradient term in Eq. (13)) or by specifying a more restrictive f ∞ (reducing the pressure gradient term by having an object with a large radius R). We do the former, exploiting the fact that the gravity term in the anisotropy Eq. (13) becomes large and positive if f ∞ is close to 1. Figure 3 shows the anisotropy ∆ for end states at f ∞ = 0.5, 0.75, 0.99 for the radial pressure and density as defined in subsection A. It is also illustrative to examine the end states in terms of forces using Eq. (7). We introduce the following notation for the pressure gradient, gravitational, and anisotropy force densities (negative forces point inwards): The small r region where the three force densities are zero is the dark energy core. In the inversion zone the anisotropy force F∆ largely cancels the inward pressure gradient force Fp, although if one looks closely one can see that the gravity force pushes outward in the lower inversion zone. As f∞ gets close to one the gravity force FG becomes much stronger and the other forces increase to compensate it.
Since the changing momentum terms on the right side of Eq. (7) are zero for end states, examining the forces in end states gives an idea of how the object is supported, see Figure 4 . We see that the anisotropy force is in fact the only outward force in the part of the inversion zone with positive pressure, in line with the fact that continuous pressure gravastars require anisotropy [33] . If the pressure in the inversion zone is within a negative range, specifically −ρ S < p r < −ρ S /3, the gravitational force pushes outwards. Repulsive gravity and anisotropy are unavoidable consequences of interpolating continuously between a dark energy core and a region with positive pressure.
We choose the relation f = f (t) between the evolution parameter f and the time t in a way to avoid singularities, event horizons, and/or violation of the weak energy condition. For our example we use the function
Here t C is the total collapse time which we set as t C = 30R S . Setting f ∞ = 0.9 avoids problems with the WEC because p T in the normal zone remains positive, avoids event horizons because f ∞ < 1, and allows the radius of the dark energy star to become smaller than the Buchdahl bound of (9/8)R S in that R ∞ = s ∞ R S = 1.094R S .
With the specified f (t) we may calculate the evolution of p T , ∆, and S r , which is displayed in Figure 5 . The tangential pressure p T and anisotropy ∆ become large and positive in the inversion zone. The anisotropy ∆ is zero for all times at r = 0 and is zero inside the dark energy core. The energy flow S r is confined to the normal zone. Figure 5 . The tangential pressure pT , the anisotropy ∆, and the energy flow term −Sr at the same stages of collapse as shown in Figures 1 and 2 . ∆ and pT are large and positive in the inversion zone. ∆ and Sr are zero at r = 0 and inside the dark energy core. Sr is nonzero in the normal zone only. We plot −Sr because it is the actual term in the stress energy tensor.
In Figure 6 we show the evolution of the matter functions ρ, p r , p T , and S r over a wide range of r and t. The white region on the right is the exterior of the object. The white line on the top left delineates the dark energy core. The colored horizontal lines correspond to the profiles shown in Figures 1, 2 , and 5. One can see the formation and spread of the dark energy core in the p r and p T panels (red area) and the density plateau in the ρ panel (purple area). Also p r and p T are similar, showing low anisotropy, for a precursor t < 0; and become distinct, showing high anisotropy, in the transition and dark energy star stages. The energy flow S r is smaller than the other matter functions in general, is zero in the density plateau, and goes to zero at large times as the collapse starts and stops.
For completeness, we display plots of the metric functions m(t, r) and Φ(t, r) in Figure 7 . The m(t, r) function is completely analytic due to the simplicity of ρ and the integral in Eq. 10. The contributions to the integral for Φ(t, r) (see Eq. 11) are analytic in the Schwarzschild vacuum and dark energy core, but the integral is evaluated numerically in the inversion zone and normal zone. In the absence of singularities m(t, 0) = 0 and m(t, r) = M for r > R(t). Also Φ(t, ∞) = 0, and the minimum in r of Φ is at r = 0 for the precursor but at some r = 0 for the dark energy star. Figure 6 . Plots of the Tµν functions as functions of radius r and time t: energy density ρ, radial pressure pr, tangential pressure pT , and energy flow/momentum density −Sr. The white region on the right is vacuum exterior. The white line on the top left delineates the dark energy core and the colored horizontal lines correspond to the profiles shown in Figures 1, 2 , and 5. For |t| > tC /2 the configurations are static. Figure 7 . Plots of the metric functions Φ(t, r) and m(t, r). In the absence of singularities, m(t, r) is constrained to be 0 at r = 0 and M in the vacuum exterior. Φ(t, r) is constrained to be 0 at r = ∞ and shows a minimum at r = 0 after the formation of a dark energy core. In our case, m is a simple piecewise polynomial function. Φ has analytic contributions from the dark energy core and vacuum exterior, but the contributions from the normal and inversion zones are not simple and are evaluated numerically.
V. DETAILED WEAK ENERGY CONDITION EXAMINATION
In this section we examine the weak energy condition in detail and find that the example pileup model we defined does in fact satisfy the weak (and therefore null) energy condition.
A. Dark Energy Core
Within the plateau, ∂m/∂t = 0 and therefore S r = 0 and the energy condition inequalities are given in Eq. (21) . The dark energy equation of state p r = p T = −ρ satisfies these inequalities trivially.
B. Inversion zone
The inversion zone is within the plateau for our example so the energy conditions are still the static ones from Eq. (21) . The first two are satisfied automatically by the construction of ρ(t, r), p r (t, r). The third may be shown to be true in the following way. We may write
Since within the plateau region the rdp r /dr ≥ 0, the following inequality is implied:
Since ρ + p r ≥ 0 and 1 − 2Gm/r ≤ 1 one has
Within the plateau region m = 
Using r ≤ R S in the plateau region we obtain
Again using the fact that ρ + p r ≥ 0 by construction, we may conclude
The last weak energy condition inequality is therefore satisfied.
C. Normal region
In this region there is momentum present so we need to examine the full energy conditions Eqs. (17) (18) (19) . In certain cases however, the applicability conditions allow us to make simplifications. For the cases in Eqs. (17), (18), (19) we proceed as follows.
Eq. (17)
Due to the condition of applicability of Eq. (17), it follows that ρ − S 2 r pr ≥ ρ − p r . Due to the value we set for a in our example ρ ≥ p r ,
The inequality from Eq. (17) is therefore satisfied when applicable.
Eq. (18)
Note that within the normal region ρ and p r are nonnegative, but the inequality from Eq. (18) can still be violated if S r is too high. The rest frame for a matter element (a frame in which the energy flow vanishes, S i = 0, i = 1, 2, 3) is given by a boost of speed β = [(h − y)/(h + y)] 1/2 from our standard frame with h = ρ + p r and y = (h 2 − 4S 2 r ) 1/2 . Notice that the energy condition ρ + p r − 2|S r | ≥ 0 implies the reality of y, whereas a violation implies imaginary y, complex β, and nonexistence of a rest frame for the matter element. In other terms, if no inertial frame has S i = 0, then in some inertial frame the energy density is negative.
We may re-express ρ + p r − 2|S r | ≥ 0 as
We may use the chain rule 
Eq. (45) is a constraint on ∂f /∂t which we show in Figure 8 together with our choice of f (t). We see from the figure that the inequality (45) is clearly satisfied, therefore a rest frame for the matter exists and the condition from Eq. (18) is satisfied in the normal region.
Upper bound on |∂f/∂t| 
Eq. (19)
Due to the applicability condition ∆ ≤ −|S r |, the inequality from Eq. (19) is implied by ρ + p r + 2∆ ≥ 0 where applicable. In terms of the anisotropy force, F ∆ = 2∆/r one has F ∆ ≥ (ρ + p r )/r. Since F G ≤ 0 in the normal zone, one may write (ρ + p r )/(rF G ) ≥ F ∆ /F G . We can then simplify the expression on the left with the form of F G and rewrite as the following:
The interpretation of this sufficient condition is as follows: WEC (19) is satisfied within this region, if the anisotropy force is not pulling "in" too strongly.
In order to examine this, we look within the region for the maximum in r of the ratio of the forces F ∆ /F G and compare it to the minimum in r of the left side of (46) . We graph both in Figure 9 and conclude the inequality (46) is always satisfied. t /R S Figure 9 . The maximum of the force ratio F∆/FG (blue) is below the minimum of the left hand side of (46) (red) for all f . Therefore the third WEC inequality (19) is satisfied in the normal region.
As a summary, Figure 10 is a graph of the minimum of T µν k µ k ν over position and time. We see that this minimum is non-negative at all points, being zero in the dark energy core and vacuum exterior and positive in the normal and inversion zones. Figure 10 . Minimum of Tµν k µ k ν /ρS plotted at points in r, t. The dark energy core is the region on the top left bounded by the white curve. The white region on the right is the exterior of the collapsing object. Note the formation and spread of the dark energy core where Tµν k µ k ν = 0. Also note that Tµν k µ k ν is non-negative at all points, meaning the weak energy condition is satisfied at all times and positions during collapse.
VI. CONCLUSION
We have presented a model for dark energy stars that describes the collapse of a spherical object from an initial state of positive pressure to a final state with negative pressure (equation of state p = −ρ) inside a finite radius core. Our model contains no spacetime or coordinate singularities, no event horizons, and satisfies the weak and null energy conditions. In the static case, dark energy stars offer an ultracompact object with no singularities or event horizons. Our work shows that dynamical formation still can satisfy these criteria.
The strong energy condition is violated due to the p = −ρ region. The dominant energy condition is violated in our particular example by a large positive p T , although it appears that the DEC may be satisfied by less compact dark energy stars that require less anisotropy (i.e., f ∞ ≤ 0.43). In any case, dominant energy condition violations due to high tangential pressure are recognized as common in anisotropic gravastar systems [35] .
We feel it is worth mentioning explicitly why the various singularity theorems (see [49] ) do not apply to our system. Penrose's 1965 singularity theorem, originally published in [50] , states that singularities will result from gravitational collapse when the curvature condition R µν k µ k ν ≥ 0 for null vectors k µ (which is equivalent to the null energy condition by Einstein's equation [48] ) is satisfied, a global Cauchy hyper-surface exists, and a closed trapped surface exists. No closed trapped surface forms in our system so this theorem does not apply. Two additional theorems by Hawking from 1967 and one by Hawking and Penrose in 1970 are more general in that criteria other than trapped surfaces can imply singularities. However, these theorems require the curvature condition R µν k µ k ν ≥ 0 for all time like vectors k µ , which is equivalent to the strong energy condition [48, 49] and is violated in our system because it contains p = −ρ dark energy. Buchdahl's theorem [1] is inapplicable both because the trace of the stress energy tensor in our system may be negative and the pressure may be anisotropic.
In spherical symmetric systems once a dark energy core is formed its density cannot change without violating the weak energy condition. As such, we have introduced the idea of pileup models and shown an example of a pileup model where the weak energy condition is satisfied and no event horizon or singularity is formed. By re-expressing the spherically symmetric Einstein field equations, we have defined our model in terms of a density function and radial pressure function. Defining the system in terms of matter functions is conducive to an easy evaluation of the energy conditions.
Alternatively, one could have specified some equation of state, or perhaps multiple equations of state for anisotropic matter, then could have used Eq. (7) as a force equation and Eq. (9) as a continuity equation to solve for the time evolution. Finding equations of state and initial conditions that result in formation of dark energy stars without singularities or event horizons while maintaining the WEC is an area that requires further research.
